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Abstract. In the paper we introduce the notion of a (virtual) multi-switch which
generalizes the notion of a (virtual) switch. Using (virtual) multi-switches we intro-
duce a general approach how to construct representations of (virtual) braid groups
by automorphisms of algebraic systems. As a corollary we introduce new represen-
tations of virtual braid groups which generalize several previously known represen-
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1. Introduction
A set-theoretical solution of the Yang-Baxter equation is a pair (X,S), where X is
a set and S : X ×X → X ×X is a bijective map such that
(S × id)(id× S)(S × id) = (id× S)(S × id)(id× S).
The problem of studying set-theoretical solutions of the Yang-Baxter equation was
formulated by Drinfel’d in [17]. If (X,S) is a set-theoretical solution of the Yang-
Baxter equation, then the map S is called a switch on X (see [19]). A pair of switches
(S, V ) on X is called a virtual switch on X if V 2 = id and the equality
(V × id)(id× S)(V × id) = (id× V )(S × id)(id× V )
holds.
Switches and virtual switches are strongly connected with virtual braid groups
and virtual links. Using a (virtual) switch on a set X it is possible to construct
a representation of the (virtual) braid group on n strands by permutations of Xn
(see [19, Section 2]). IfX is an algebraic system, then under additional conditions it is
possible to construct a representation of the (virtual) braid group by automorphisms
of X . The Artin representation ϕA : Bn → Aut(Fn) (see [13, Section 1.4]), the Burau
representation ϕB : Bn → GLn(Z[t, t
−1]) (see [13, Section 3]) and their extensions
to the virtual braid groups ϕA : V Bn → Aut(Fn), ϕB : V Bn → GLn(Z[t, t
−1])
(see [7, 40]) can be obtained on this way.
Despite the fact that virtual switches can be used for constructing representations
of virtual braid groups, there are representations V Bn → Aut(G), where G is some
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group, which cannot be obtained using any virtual switch on G. For example, the
Silver-Williams representation ϕSW : V Bn → Aut(Fn ∗ Z
n+1) (see [39]), the Boden-
Dies-Gaudreau-Gerlings-Harper-Nicas representation ϕBD : V Bn → Aut(Fn ∗ Z
2)
(see [14]), the Kamada representation ϕK : V Bn → Aut(Fn ∗ Z
2n) (see [10]) and
the representations ϕM : V Bn → Aut(Fn ∗ Z
2n+1), ϕ˜M : V Bn → Aut(Fn ∗ Z
n)
of Bardakov-Mikhalchishina-Neshchadim (see [7, 8]) cannot be obtained using any
virtual switch.
In the present paper we introduce the notion of a (virtual) multi-switch which gen-
eralizes the notion of a (virtual) switch. Using (virtual) multi-switches we introduce
a general approach how to construct representations of (virtual) braid groups by au-
tomorphisms of algebraic systems. As a corollary, we introduce new representations
of virtual braid groups which generalize several previously known representations.
The paper is organized as follows. In Section 2, we give necessary preliminaries.
In particular, we recall the notion of a (virtual) switch, and provide examples and
applications of (virtual) switches. In Section 3, we introduce the notion of a (virtual)
multi-switch and give examples of (virtual) multi-switches. In Section 4, we describe
a general construction of how a (virtual) multi-switch on an algebraic system X can
be used to construct a representation of the (virtual) braid group by automorphisms
of X (Theorem 1 and Theorem 2). As a corollary, we construct a representation
V Bn → Aut(FQn ∗Tn) of the virtual braid group V Bn by automorphisms of the free
product FQn ∗ Tn of the free quandle FQn with n generators and the trivial quandle
Tn on n elements. Finally, in Section 5, we introduce representations of the (virtual)
braid groups by automorphisms of certain infinitely generated abelian groups, which
extend the Burau representation ϕB and the Gassner representation ϕG (Theorem 4
and Theorem 5).
Acknowledgement. The authors thank Professor Kauffman for useful discussions.
2. Preliminaries
In this section we give necessary preliminaries. We recall the notion of a switch
from [19], and show some examples and applications of switches. We use classical
notations. If G is a group, and a, b ∈ G, then we denote by ab = b−1ab the conjugate
of a by b, and by a−b = b−1a−1b the conjugate of a−1 by b. If X is a set, then we
denote by Sym(X) the set of all bijections from X to X . All actions are supposed to
be right, i. e. if f, g ∈ Sym(X), then for x ∈ X we denote fg(x) = g(f(x)).
2.1. Switches and the Yang-Baxter equation. A set-theoretical solution of the
Yang-Baxter equation is a pair (X,S), where X is a set, and S : X2 → X2 is a
bijective map such that
(1) (S × id)(id× S)(S × id) = (id× S)(S × id)(id× S).
If (X,S) is a set theoretical solution of the Yang-Baxter equation, then the map S
from Sym(X2) is called a switch on X (see [19, Section 2]). A switch S is called
involutive if S2 = id. If X is not just a set but an algebraic system: group, module
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etc, then every switch on X is called a group switch, a module switch etc. Examples
of switches on different algebraic systems follow.
Example 1. Let X be an arbitrary set, and T (a, b) = (b, a) for all a, b ∈ X . The
map T is a switch which is called the twist. It is clear that T is involutive.
Example 2. Let X be a group. Then the map SA defined by SA(a, b) = (aba
−1, a)
for a, b ∈ X is a switch which is called the Artin switch on a group X .
Example 3. Let X be a module over an integral domain R, and t be an invertible
element of R. The linear isomorphisms SB : X
2 → X2 given by
SB(a, b) = ((1− t)a+ tb, a), a, b ∈ X
is a module switch on X which is called the Burau switch. If we look on X as on
abelian group (without module structure), then the Burau switch is also a group
switch.
In order to introduce the next example of a switch, let us recall that a quandle Q is
an algebraic system with one binary algebraic operation (a, b) 7→ a ∗ b which satisfies
the following axioms:
(1) a ∗ a = a for all a ∈ Q,
(2) the map Ia : b 7→ b ∗ a is a bijection of Q for all a ∈ Q,
(3) (a ∗ b) ∗ c = (a ∗ c) ∗ (b ∗ c) for all a, b, c ∈ Q.
A quandle Q is called trivial if a ∗ b = a for all a, b ∈ Q, the trivial quandle with n
elements is denoted by Tn. Quandles were introduced in [24, 34] as an invariant for
links. For more details about quandles see [15, 18, 37]. If (Q, ∗) is a quandle, then
for a, b ∈ Q we denote by a ∗−1 b = I−1b (a). The following example gives a quandle
switch.
Example 4. Let (X, ∗) be a quandle. Then the map SQ(a, b) = (b∗a, a) for a, b ∈ X
is a quandle switch.
The following example gives a switch on a skew brace (see, for example, [22,35] for
details about skew braces).
Example 5. Let X be a skew brace with the operations ⊕,⊙. Then the map
S : X2 → X2 given by
S(a, b) =
(
⊖ a⊕ (a⊙ b), (⊖a⊕ (a⊙ b))−1 ⊙ a⊙ b
)
for a, b ∈ X is a skew brace switch.
For more examples of switches see [19, Section 2].
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2.2. Switches and representations of braid groups. Switches can be used for
constructing representations of braid groups. Let us recall the definitions. The braid
group Bn on n strands is the group with generators σ1, σ2, . . . , σn−1 and defining
relations
σiσi+1σi = σi+1σiσi+1 i = 1, 2, . . . , n− 2,(b1)
σiσj = σjσi |i− j| ≥ 2.(b2)
There exists a homomorphism ι : Bn → Σn from the braid group Bn onto the
symmetric group Σn on n letters. This homomorphism maps the generator σi to the
transposition τi = (i, i+1) for i = 1, 2, . . . , n− 1. The kernel of this homomorphism
is called the pure braid group on n strands and is denoted by Pn.
The virtual braid group V Bn is a group obtained from Bn adding new generators
ρ1, ρ2, . . . , ρn−1 and additional relations
ρiρi+1ρi = ρi+1ρiρi+1 i = 1, 2, . . . , n− 2,(vb3)
ρiρj = ρjρi |i− j| ≥ 2,(vb4)
ρ2i = 1 i = 1, 2, . . . , n− 1,(vb5)
ρi+1σiρi+1 = ρiσi+1ρi i = 1, 2, . . . , n− 2,(vb6)
σiρj = ρjσi |i− j| ≥ 2.(vb7)
It is easy to verify that the elements ρ1, ρ2, . . . , ρn−1 generate the symmetric group
Σn in V Bn. Also it is known that the elements σ1, σ2, . . . , σn−1 generate the braid
group Bn in V Bn. The homomorphism ι can be extended to the homomorphism
V Bn → Σn by the rule ι : σi, ρi 7→ τi = (i, i+ 1). The kernel of this homomorphism
is called the virtual pure braid group and is denoted by V Pn.
Let S ∈ Sym(X2) be a switch on X . For i = 1, 2, . . . , n− 1 denote by
Si = (id)
i−1 × S × (id)n−i−1.
From the relations of Bn and equality (1) we see that the map which maps σi to Si for
i = 1, 2, . . . , n− 1 defines a representation of the braid group Bn into the symmetric
group Sym(Xn). If S is involutive, then the map τi 7→ Si defines a representation of
the symmetric group Σn on n letters into the group Sym(X
n).
Under additional conditions switches can provide representations of braid groups
by automorphisms of algebraic system. If X is an algebraic system (for example,
a quandle, a group, a module etc) generated by elements x1, x2, . . . , xn, and S is a
switch on X with
S(a, b) = (Sl(a, b), Sr(a, b))
for a, b ∈ X , then for i = 1, 2, . . . , n− 1 denote by Si : {x1, x2, . . . , xn} → X the map
given by
Si(xk) =


Sl(xk, xk+1), k = i,
Sr(xk, xk+1), k = i+ 1,
xk, k 6= i, i+ 1.
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If for i = 1, 2, . . . , n−1 the maps Si induce automorphisms of X , then the map which
maps σi to Si for i = 1, 2, . . . , n − 1 induces a representation Bn → Aut(X). Note
that if X is a free in some variety group with the canonical generators x1, x2, . . . , xn,
then the maps Si always induce automorphisms of X . The Artin representation
Bn → Aut(Fn) (see [13, Corollary 1.8.3]) can be obtained in this way using the Artin
switch SA on Fn. The Burau representation Bn → GLn (Z[t, t
−1]) (see [13, Section 3])
can be obtained in this way using the Burau switch SB on (Z[t, t
−1])
n
. It is important
here that the algebraic system X has exactly n generators.
Let S, V ∈ Sym(X2) be a switch and an involutive switch on X , respectively. We
say that the pair (S, V ) is a virtual switch on X if the equality
(2) (id× V )(S × id)(id× V ) = (V × id)(id× S)(V × id)
holds. If the pair of switches S, V satisfies equality (2), then we say that this pair is
matched.
Example 6. If X is a group, then (SA, T ) is a virtual group switch on X .
For a virtual switch (S, V ) on X and an integer n ≥ 2 denote by
Si = (id)
i−1 × S × (id)n−i−1, Vi = (id)
i−1 × V × (id)n−i−1
for i = 1, 2, . . . , n− 1. From the relations of V Bn and equalities (1), (2) we see that
the maps σi 7→ Si, ρi 7→ Vi induce a representation of the virtual braid group V Bn
on n strands into the symmetric group Sym(Xn).
If X is an algebraic system generated by elements x1, x2, . . . , xn, and (S, V ) is a
virtual switch on X with
S(a, b) = (Sl(a, b), Sr(a, b)), V (a, b) = (V l(a, b), V r(a, b))
for a, b ∈ X , then for i = 1, 2, . . . , n − 1 denote by Si, Vi : {x1, x2, . . . , xn} → X the
maps given by
Si(xk) =


Sl(xk, xk+1), k = i,
Sr(xk, xk+1), k = i+ 1,
xk, k 6= i, i+ 1,
Vi(xk) =


V l(xk, xk+1), k = i,
V r(xk, xk+1), k = i+ 1,
xk, k 6= i, i+ 1.
If Si, Vi induce automorphisms of X , then the maps σi 7→ Si, ρi 7→ Vi induce a
representation V Bn → Aut(X).
2.3. Biquandles. Let S be a switch on X such that
S(a, b) = (Sl(a, b), Sr(a, b)).
For a, b ∈ X denote by Sl(a, b) = ba, Sr(a, b) = ab, so, on X we have two binary
algebraic operations (a, b) 7→ ab, (a, b) 7→ ab, which are called the up operation and the
down operation defined by S, respectively. The Yang-Baxter equation for S implies
the following equalities
abc = acbb
c
, abc = acbbc , (a
b)cba = acbca(3)
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for all a, b, c ∈ X . A switch S is called a biquandle switch if the following conditions
hold.
(1) The maps fa, fa : X → X given by f
a(x) = xa, fa(x) = xa are bijective. We
denote by ba
−1
= (fa)−1(b), ba−1 = (fa)
−1(b).
(2) aa
−1
= aaa−1 and aa−1 = a
a
a−1 for all a ∈ X .
If S is a biquandle switch onX , then the setX with the up and the down operations
defined by S is called a biquandle and is denoted by (X,S). If X is an arbitrary set,
then the twist T on X is a biquandle switch. The biquandle (X, T ) is called the
trivial biquandle on X . In the trivial biquandle we have a = ab = ab for all a, b ∈ X .
Biquandles were introduced in [19] as a tool for constructing invariants for virtual
knots and braids. Papers [16,20,23,26] give several application of biquandles in knot
theory.
3. Multi-switches and virtual multi-switches
In this section we consider a special kind of (virtual) switches, called (virtual)
multi-switches, which help to provide new representations of (virtual) braid groups.
3.1. Multi-switches. Let X be a set, and X1, X2, . . . , Xm be non-empty subsets of
X . We say that a map S : X2×X21 ×X
2
2 × · · ·×X
2
m → X
2×X21 ×X
2
2 × · · ·×X
2
m is
an (m + 1)-switch, or a multi-switch on X (if m is not specified) if S is a switch on
X ×X1×X2× · · · ×Xm (we identify the sets (X ×X1×X2× · · · ×Xm)
2 and X2×
X21 ×X
2
2 × · · · ×X
2
m, so, for (m+ 1)-tuples A = (a0, a1, . . . , am), B = (b0, b1, . . . , bm)
from X ×X1 ×X2 × · · · ×Xm we write S(A,B) = S(a0, b0; a1, b1; . . . ; am, bm)), such
that
S(c0, c1, . . . , cm) = (S0(c0, c1, . . . , cm), S1(c1), S2(c2), . . . , Sm(cm))
for c0 ∈ X
2, ci ∈ X
2
i for i = 1, 2, . . . , m, where S0, S1, . . . , Sm are the maps
S0 : X
2 ×X21 ×X
2
2 × · · · ×X
2
m → X
2,
Si : X
2
i → X
2
i , for i = 1, 2, . . . , m.
If S is an (m + 1)-switch on X defined by the maps S0, S1, . . . , Sm, then we write
S = (S0, S1, . . . , Sm). Note that for i = 1, 2, . . . , m the map Si is a switch on Xi. If X
is not just a set but an algebraic system: group, module etc, then every multi-switch
on X is called a group multi-switch, a module multi-switch etc. We do not require
here that X1, X2, . . . , Xm are subsystems of X .
Example 7. Every switch on X is a 1-switch on X .
Example 8. If S is a switch on X , and Si is a switch on Xi ⊂ X for i = 1, 2, . . . , m,
then the map S × S1 × S2 × · · · × Sm is an (m+ 1)-switch on X .
The multi-switches from Example 7 and Example 8 are in some sense trivial. The
following proposition provides a module 2-switch which generalizes the Burau switch.
IfM is a free module over an integral domain R, then we can think about any subset
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K of R as about subset of M (thinking about K ⊂ R as about Kx0 ⊂M for a fixed
non-zero element x0 from M).
Proposition 1. Let R be an integral domain, X be a free module over R, and X1 be
a subset of the multiplicative group of R. Then the map S2B : X
2 ×X21 → X
2 ×X21
given by
S2B(a, b; x, y) = ((1− y)a+ xb, a; y, x) a, b ∈ X, x, y ∈ X1
is a 2-switch on X.
Proof. Using direct calculations we see that the map S−12B is given by
S−12B (a, b; x, y) = (b, y
−1a+ y−1(x− 1)b; y, x),
therefore S2B is bijective, and the only moment we have to check is that equality (1)
holds for S2B. Denote by S1 = S2B × id, S2 = id× S2B. Using direct calculations for
a, b, c ∈ X , x, y, z ∈ X1 we have
S1S2S1(a, b, c; x, y, z) =
= S2S1((1− y)a+ xb, a, c; y, x, z)
= S1((1− y)a+ xb, (1 − z)a + xc, a; y, z, x)
= ((1− z)((1 − y)a+ xb) + y((1− z)a + xc), (1− y)a+ xb, a; z, y, x)
= ((1− z)a + x((1 − z)b + yc), (1− y)a+ xb, a; z, y, x),
S2S1S2(a, b, c; x, y, z) =
= S1S2(a, (1− z)b+ yc, b; x, z, y)
= S2((1− z)a + x((1− z)b+ yc), a, b; z, x, y)
= ((1− z)a + x((1 − z)b + yc), (1− y)a+ xb, a; z, y, x),
i. e. S1S2S1 = S2S1S2, and S2B is a 2-switch on X . 
If in Proposition 1 we look on X as on abelian group, then the module 2-switch
S2B is also a group 2-switch. Under conditions of Proposition 1, let t be a fixed
invertible element from R, and X1 = {t}. Then for elements a, b ∈ X we have
S2B(a, b; t, t) = ((1 − t)a + tb, a; t, t). Looking only to the first two components we
obtain the Burau switch. In this sense, the switch S2B generalizes the Burau switch.
Since an (m+1)-switch on X is a switch on X ×X1×X2× · · ·×Xm, the notions
of the involutive (m+ 1)-switch and the virtual (m+1)-switch follow from the same
notions for switches.
3.2. Virtual multi-switches. Usually, if (S, V ) is a virtual switch on a set X , then
V = T is the twist, and it is quite difficult to find a virtual switch (S, V ) with V 6= T .
V. Manturov [33] found a virtual quandle switch (S, V ) such that V is not the twist
(see also [4,6]). Let Q be a quandle, T1 = {t} be the trivial quandle with one element,
andX = Q∗T1 the free product ofQ and T1 (see more about free products of quandles
in [9]). Let SQ be the quandle switch (from Example 4) on X , and V : X
2 → X2 the
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involutive switch with V (a, b) = (b ∗−1 t, a ∗ t) for a, b ∈ X . Then (SQ, V ) is a virtual
switch on X with V 6= T . Using this virtual switch Manturov [33] constructed a
quandle invariant for virtual links which generalizes the quandle of Kauffman [25].
In this subsection we construct two virtual multi-switches (S, V ) with V 6= T : the
first one is the virtual module 3-switch which extends the 2-switch S2B introduced in
Proposition 1; the second one is the virtual 2-switch on a biquandle which leads to a
virtual quandle 2-switch which generalizes the virtual switch of Manturov.
The following proposition provides a virtual module 3-switch.
Proposition 2. Let R be an integral domain, X be the free module over R, and
X1, X2 be subsets of the multiplicative group of R. Then the pair of maps (S3B, V3B)
from X2 ×X21 ×X
2
2 to itself given by
S3B(a, b; x, y; p, q) = ((1− y)a+ xb, a; y, x; q, p),
V3B(a, b; x, y; p, q) = (pb, q
−1a; y, x; q, p)
for a, b ∈ X, x, y ∈ X1, p, q ∈ X2 is a virtual 3-switch on X.
Proof. It is clear that the maps S3B, V3B are invertible. Since S3B acts as the 2-switch
S2B introduced in Proposition 1 on the first four arguments, and as the twist T on
the last two arguments, i. e. S3B = S2B ×T , the map S3B is a 3-switch on X . So, we
need to check that V3B is an involutive 3-switch on X , and that the pair (S3B, V3B)
is matched. Denote by S1 = S3B × id, S2 = id× S3B, V1 = V3B × id, V2 = id × V3B.
For a, b, c ∈ X , x, y, z ∈ X1, p, q, r ∈ X2 we have
V1V2V1(a, b, c; x, y, z; p, q, r) = V2V1(pb, q
−1a, c; y, x, z; q, p, r)
= V1(pb, pc, r
−1q−1a; y, z, x; q, r, p)
= (qpc, r−1pb, r−1q−1a; z, y, x; r, q, p),
V2V1V2(a, b, c; x, y, z; p, q, r) = V1V2(a, qc, r
−1b; x, z, y; p, r, q)
= V2(pqc, r
−1a, r−1b; z, x, y; r, p, q)
= (pqc, pr−1b, q−1r−1a; z, y, x; r, q, p),
therefore V3B is a 3-switch on X . The equality
V 2(a, b; x, y; p, q) = V (pb, q−1a; y, x; q, p) = (a, b; x, y; p, q)
implies that V is involutive. The equalities
V2S1V2(a, b, c; x, y, z; p, q, r) = S1V2(a, qc, r
−1b; x, z, y; p, r, q)
= V2((1− z)a + xqc, a, r
−1b; z, x, y; r, p, q)
= ((1− z)a + xqc, pr−1b, q−1a; z, y, x; r, q, p)
V1S2V1(a, b, c; x, y, z; p, q, r) = S2V1(pb, q
−1a, c; y, x, z; q, p, r)
= V1(pb, (1− z)q
−1a+ xc, q−1a; y, z, x; q, r, p)
= ((1− z)a + qxc, pr−1b, q−1a; z, y, x; r, q, p)
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imply that (S3B, V3B) is a matched pair of 3-switches. Therefore (S3B, V3B) is a virtual
3-switch on X . 
In the proof of Proposition 2 we noticed that S3B = S2B × T . In this sense,
the virtual 3-switch (S3B, V3B) extends the 2-switch S2B. The following proposition
provides a 2-switch on a biquandle.
Proposition 3. Let X be a biquandle, X1 be a trivial subbiquandle of X, and S, V
be the maps from X2 ×X21 to itself such that
S(a, b; x, y) = (ba, ab; y, x), V (a, b; x, y) = (b
x−1 , ay; y, x)
for a, b ∈ X, x, y ∈ X1. If for all a, b ∈ X, x ∈ X1 the equalities
bx
−1a = ba
xx−1 , (aby−1 )
y = (ay)b(4)
hold, then (S, V ) is a virtual 2-switch on X.
Proof. Denote by S1 = S × id, S2 = id × S, V1 = V × id, V2 = id × V . Since S
acts separately on the first pair of arguments, and separately on the second pair of
arguments, the fact that S is a 2-switch on X follows from the fact that the map
(a, b) 7→ (ba, ab) is a switch on X , and the map (x, y) 7→ (y, x) is a switch on X1.
Using direct calculations for a, b, c ∈ X , x, y, z ∈ X1 we have
V1V2V1(a, b, c; x, y, z) = (c
x−1y−1 , bx
−1z, ayz; z, y, x),
V1V1V2(a, b, c; x, y, z) = (c
y−1x−1, bzx
−1
, azy; z, y, x).
These equalities together with equalities (3) and the fact thatX1 is a trivial biquandle
imply that V1V2V1 = V2V1V2, i. e. V is a 2-switch on X . The equalities
V 2(a, b; x, y) = V (bx
−1
, ay; y, x) = (ayy
−1
, bx
−1x; x, y) = (a, b; x, y)
imply that V is involutive, and the only fact we have to prove is that the pair S, V
is matched. For a, b, c ∈ X , x, y, z ∈ X1 we have
V2S1V2(a, b, c; x, y, z) = S1V2(a, c
y−1, bz; x, z, y)
= V2(c
y−1a, acy−1 , b
z; z, x, y)
= (cy
−1a, bzx
−1
, (acy−1 )
y; z, y, x)
V1S2V1(a, b, c; x, y, z) = S2V1(b
x−1, ay, c; y, x, z)
= V1(b
x−1 , ca
y
, (ay)c; y, z, x)
= (ca
yy−1 , bx
−1z, (ay)c; z, y, x)
which together with equalities (4) from the conditions of the proposition imply the
equality V2S1V2 = V1S2V1. 
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Corollary 1. Let X be a quandle with a trivial subquandle X1, and S, V be the maps
from X2 ×X21 to itself defined by
S(a, b; x, y) = (b ∗ a, a; y, x), V (a, b; x, y) = (b ∗−1 x, a ∗ y; y, x)
for a, b ∈ X, x, y ∈ X1. Then (S, V ) is a virtual 2-switch on X.
Proof. For a, b ∈ X denote by ab = a ∗ b, ab = a. Then X with the operations
(a, b) 7→ ab, (a, b) 7→ a
b is a biquandle, and X1 is a trivial subbiquandle of this
biquandle. Equalities (4) obviously hold in this situation, and the result follows from
Proposition 3. 
Corollary 2. Let Q be a quandle, X1 be a trivial quandle, and X = Q ∗X1 be the
free product of Q and X1. Let S2Q, V2Q : X
2×X21 → X
2×X21 be the maps defined by
S2Q(a, b; x, y) = (b ∗ a, a; y, x), V2Q(a, b; x, y) = (b ∗
−1 x, a ∗ y; y, x)
for a, b ∈ X, x, y ∈ X1. Then (S2Q, V2Q) is a virtual 2-switch on X.
If in Corollary 2 we take X1 a trivial quandle with only one element, then looking
to the first two components of the maps S2Q, V2Q we obtain the switch of Manturov
described at the beginning of this section.
4. Multi-switches and representations of braid groups
In Section 2.2 we noticed that a (virtual) switch on an algebraic system X with
exactly n generators can be used to construct a representation of the (virtual) braid
group on n strands by automorphisms of X . However, there are representations
V Bn → Aut(G) (where G is some group) which cannot be defined using procedure
described in Section 2.2 for any virtual switch (S, V ) on G. For example, let Fn be
the free group with the free generators x1, x2, . . . , xn, Z
2n+1 be the free abelian group
with canonical generators u1, u2, . . . , un, v0, v1, . . . , vn, and Fn,2n+1 = Fn ∗ Z
2n+1 be
the free product of Fn and Z
2n+1, then the representation ϕM : V Bn → Aut(Fn,2n+1)
introduced in [7, 8] which acts on the generators of Fn,2n+1 in the following way
ϕM(σi) :


xi 7→ xix
ui
i+1x
−v0ui+1
i ,
xi+1 7→ x
v0
i ,
ui 7→ ui+1,
ui+1 7→ ui,
vi 7→ vi+1,
vi+1 7→ vi,
ϕM(ρi) :


xi 7→ x
v−1i
i+1 ,
xi+1 7→ x
vi+1
i ,
ui 7→ ui+1,
ui+1 7→ ui,
vi 7→ vi+1,
vi+1 7→ vi,
(5)
(hereinafter we write only non-trivial actions on the generators, assuming that all
other generators are fixed) cannot be defined using procedure described in Section 2.2
for any virtual switch (S, V ) on Fn,2n+1 (since Fn,2n+1 has 3n+ 1 generators).
The representation ϕ˜M : V Bn → Aut(Fn,n), where Fn,n = Fn ∗ Z
n is the free
product of the free group Fn generated by x1, x2, . . . , xn, and the free abelian group
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Z
n generated by y1, y2, . . . , yn introduced in [7] which acts on the generators of Fn,n
by the rule
ϕ˜M(σi) :


xi 7→ xixi+1x
−1
i ,
xi+1 7→ xi,
yi 7→ yi+1,
yi+1 7→ yi.
ϕ˜M(ρi) :


xi 7→ yixi+1y
−1
i ,
xi+1 7→ y
−1
i+1xiyi+1,
yi 7→ yi+1,
yi+1 7→ yi.
(6)
gives another example of the representation of V Bn which cannot be defined using
procedure described in Section 2.2 for any virtual switch (S, V ) on Fn,n. Note that
the representations ϕM and ϕ˜M given in (5), (6) have the same kernel [7].
In this section we describe a general construction of how a (virtual) multi-switch
on an algebraic system X can be used to construct a representation of the (virtual)
braid group on n strands by automorphisms of X . We do not require that X has
exactly n generators, so, a lot of known representations of virtual braid groups by
automorphisms of groups (in particular, representations ϕM , ϕ˜M given by formulas
(5), (6), respectively) can be constructed using the procedure which we will introduce
in this section.
Since a virtual (m + 1)-switch (S, V ) on an algebraic system X is a switch on
X × X1 × X2 × · · · × Xm, from the first glance it can seem that one can apply
the procedure from Section 2.2 in order to construct a representation of the virtual
braid group by automorphisms of X . However, it is not true due to the fact that
(S, V ) is a virtual switch on X × X1 × X2 × · · · × Xm (but not on X), and the set
X ×X1 ×X2 × · · · ×Xm doesn’t necessarily have a structure of algebraic system.
4.1. General construction. Let X be an algebraic system, and X0, X1, . . . , Xm be
subsets of X such that
(1) for i = 0, 1, . . . , m the set Xi contains elements x
i
1, x
i
2, . . . , x
i
n,
(2) {xi1, x
i
2, . . . , x
i
n} ∩ {x
j
1, x
j
2, . . . , x
j
n} = ∅ for i 6= j,
(3) the set of elements {xij | i = 0, 1, . . . , m, j = 1, 2, . . . , n} generates X .
Let S = (S0, S1, . . . , Sm) be an (m+ 1)-switch on X such that
S0 = (S
l
0, S
r
0) : X
2 ×X21 ×X
2
2 × · · · ×X
2
m → X
2,
Si = (S
l
i, S
r
i ) : X
2
i → X
2
i , for i = 1, 2, . . . , m,
and for i = 0, 1, . . . , m the images of maps Sli, S
r
i are words over its arguments in
terms of operations of X . For j = 1, 2, . . . , n − 1 denote by Rj the following map
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from X0 ∪X1 ∪ · · · ∪Xm to X
Rj :


x0j 7→ S
l
0(x
0
j , x
0
j+1, x
1
j , x
1
j+1, . . . , x
m
j , x
m
j+1),
x0j+1 7→ S
r
0(x
0
j , x
0
j+1, x
1
j , x
1
j+1, . . . , x
m
j , x
m
j+1),
x1j 7→ S
l
1(x
1
j , x
1
j+1),
x1j+1 7→ S
r
1(x
1
j , x
1
j+1),
...
xmj 7→ S
l
m(x
m
j , x
m
j+1),
xmj+1 7→ S
r
m(x
m
j , x
m
j+1),
(7)
where all generators which are not explicitly written in Rj are fixed, i. e. Rj(x
i
k) = x
i
k
for k /∈ {j, j + 1}, i = 0, 1, . . . , m, and assume that Rj is well defined: since the
elements xi1, x
i
2, . . . , x
i
n are not necessary all different, some of these elements can
coincide. The fact that Rj is well defined means that the images of equal elements
are equal. For example, if xij = x
i
j+1, then we assume that
Sli(x
i
j , x
i
j+1) = Rj(x
i
j) = Rj(x
i
j+1) = S
r
i (x
i
j , x
i
j+1).
If for j = 1, 2, . . . , n− 1 the maps Rj , induce automorphisms of X , then we say that
S is an automorphic multi-switch (shortly, AMS) or an automorphic (m+ 1)-switch
on X with respect to the set of generators {xij | i = 0, 1, . . . , m, j = 1, 2, . . . , n}. An
(m + 1)-switch can be AMS with respect to one generating set of X , but not AMS
with respect to another generating set of X .
Theorem 1. Let X be an algebraic system, and S be an AMS on X with respect to
the set of generators {xij | i = 0, 1, . . . , m, j = 1, 2, . . . , n}. Then the map
ϕS : Bn → Aut(X)
which is defined on the generators of Bn as
ϕS(σj) = Rj , for j = 1, 2, . . . , n− 1,
where Rj is defined by equality (7), is a representation of Bn.
Proof. We need to check that the automorphisms R1, R2, . . . , Rn−1 satisfy defining
relations of Bn. Relations (b1) follow from the fact that S is an (m + 1)-switch on
X . In order to check relations (b2) let 1 ≤ j, k ≤ n be such that |j − k| ≥ 2. For the
map Rj we have
Rj(x
i
s) =
{
uis, s = j, j + 1; i = 0, 1, . . . , m,
xis, s 6= j, j + 1; i = 0, 1, . . . , m,
where uis is a word over {x
i
j , x
i
j+1 | i = 0, 1, . . . , m} in terms of operations of X . Since
Rk fixes elements {x
i
j , x
i
j+1 | i = 0, 1, . . . , m}, we have Rk(u
i
s) = u
i
s for s ∈ {j, j + 1},
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i = 0, 1, . . . , m. Therefore
RjRk(x
i
s) =


uis, s = j, j + 1; i = 0, 1, . . . , m,
vis, s = k, k + 1; i = 0, 1, . . . , m,
xis, s /∈ {j, j + 1, k, k + 1}; i = 0, 1, . . . , m,
where vis is a word over {x
i
k, x
i
k+1 | i = 0, 1, . . . , m} in terms of operations of X . The
last equality can be rewritten in the form
RjRk(x
i
s) =


Rj(x
i
s), s = j, j + 1; i = 0, 1, . . . , m,
Rk(x
i
s), s = k, k + 1; i = 0, 1, . . . , m,
xis, s /∈ {j, j + 1, k, k + 1}; i = 0, 1, . . . , m.
In a similar way we can prove that RkRj(x
i
s) can be written in the same form,
therefore RjRk = RkRj for |j − k| ≥ 2. 
Similar to Theorem 1 result can be formulated for virtual (m+1)-switches and rep-
resentations of virtual braid groups. Let S = (S0, S1, . . . , Sm), V = (V0, V1, . . . , Vm)
be a virtual (m+ 1)-switch on X (i. e. the pair (S, V ) is matched) such that
S0 = (S
l
0, S
r
0), V0 = (V
l
0 , V
r
0 ) : X
2 ×X21 ×X
2
2 × · · · ×X
2
m → X
2,
Si = (S
l
i, S
r
i ), Vi = (V
l
i , V
r
i ) : X
2
i → X
2
i , for i = 1, 2, . . . , m,
and for i = 0, 1, . . . , m the images of maps Sli, S
r
i , V
l
i , V
r
i are words over its arguments
in terms of operations of X . For j = 1, 2, . . . , n − 1 denote by Rj the map from
X0 ∪ X1 ∪ · · · ∪ Xm to X given by equality (7), and by Gj the following map from
X0 ∪X1 ∪ · · · ∪Xm to X .
Gj :


x0j 7→ V
l
0 (x
0
j , x
0
j+1, x
1
j , x
1
j+1, . . . , x
m
j , x
m
j+1),
x0j+1 7→ V
r
0 (x
0
j , x
0
j+1, x
1
j , x
1
j+1, . . . , x
m
j , x
m
j+1),
x1j 7→ V
l
1 (x
1
j , x
1
j+1),
x1j+1 7→ V
r
1 (x
1
j , x
1
j+1),
...
xmj 7→ V
l
m(x
m
j , x
m
j+1),
xmj+1 7→ V
r
m(x
m
j , x
m
j+1),
(8)
and suppose that Rj , Gj are well defined. If for j = 1, 2, . . . , n − 1 the maps Rj ,
Gj induce automorphisms of X , then we say that (S, V ) is an automorphic virtual
multi-switch (shortly, AVMS) or an automorphic virtual (m + 1)-switch on X with
respect to the set of generators {xij | i = 0, 1, . . . , m, j = 1, 2, . . . , n}.
Theorem 2. Let (S, V ) be an AVMS on X with respect to the set of generators
{xij | i = 0, 1, . . . , m, j = 1, 2, . . . , n}. Then the map
ϕS,V : V Bn → Aut(X)
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which is defined on the generators of V Bn as
ϕS,V (σj) = Rj , ϕS,V (ρj) = Gj, for j = 1, 2, . . . , n− 1,
where Rj, Gj are defined by equalities (7), (8), is a representation of V Bn.
Proof. The proof repeats the proof of Theorem 1 adding a few details. 
A lot of known representations of the virtual braid group V Bn by automorphisms of
groups can be obtained using Theorem 2. For example, the representation ϕM given
in equalities (5) is obtained in the following way: denote by X = Fn,2n+1 = Fn∗Z
2n+1,
X0 = Fn = 〈x1, x2, . . . , xn〉, X1 = 〈u1, u2, . . . , un〉, X2 = 〈v1, v2, . . . , vn〉, X3 = 〈v0〉,
and for j = 1, 2, . . . , n denote by x0j = xj , x
1
j = uj, x
2
j = vj , x
3
j = v0. Then
the representation ϕM is the representation ϕS,V for the virtual 4-switch (S, V ) on
Fn,2n+1 given by
S(a, b; x, y; p, q; r, s) = (abxa−ry, as; y, x; q, p; s, r),
V (a, b; x, y; p, q; r, s) = (bp
−1
, aq; y, x; q, p; s, r),
for a, b ∈ X , x, y ∈ X1, p, q ∈ X2, r, s ∈ X3 (the fact that (S, V ) is a virtual 4-switch
on Fn,2n+1 follows from the fact that ϕM is a representation of the virtual braid
group).
The representation ϕ˜M : V Bn → Aut(Fn ∗ Z
n) given in equality (9), the Silver-
Williams representation ϕSW : V Bn → Aut(Fn ∗ Z
n+1) (see [39]), the Boden-Dies-
Gaudreau-Gerlings-Harper-Nicas representation ϕBD : V Bn → Aut(Fn∗Z
2) (see [14]),
and the Kamada representation ϕK : V Bn → Aut(Fn∗Z
2n) (see [10]) can be obtained
using Theorem 2 in a similar to ϕM way.
In the following subsection using Theorem 2 we construct a representations of the
virtual braid groups by automorphisms of quandles.
4.2. Representations by automorphisms of quandles. Let X0 = FQn be the
free quandle on n generators x01, x
0
2, . . . , x
0
n, X1 = Tn be the trivial quandle on n
elements x11, x
1
2 . . . , x
1
n, and X = X0 ∗ X1 be the free product of X0 and X1. From
Corollary 2 we know that the maps S2Q, V2Q : X
2 ×X21 → X
2 ×X21 defined by
S2Q(a, b; x, y) = (b ∗ a, a; y, x), V2Q(a, b; x, y) = (b ∗
−1 x, a ∗ y; y, x)
for a, b ∈ X , x, y ∈ X1 form a virtual 2-switch onX . Due to the fact thatX = X0∗X1
is a free product of the free quandle and the trivial quandle, it is easy to see that
(S, V ) is an automorphic virtual 2-switch on X with respect to the set of generators
x01, x
0
2, . . . , x
0
n, x
1
1, x
1
2, . . . , x
1
n. So, Theorem 2 and Corollary 2 imply the following
result.
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Theorem 3. Let FQn be the free quandle on the set of generators {x1, x2, . . . , xn}
and Tn = {y1, y2, . . . , yn} be the trivial quandle. Then the map ϕ2Q given by
ϕ2Q(σi) :


xi 7→ xi+1 ∗ xi,
xi+1 7→ xi,
yi 7→ yi+1,
yi+1 7→ yi,
ϕ2Q(ρi) :


xi 7→ xi+1 ∗
−1 yi,
xi+1 7→ xi ∗ yi+1,
yi 7→ yi+1,
yi+1 7→ yi,
(9)
induces a homomorphism V Bn → Aut(FQn ∗ Tn).
Proof. Denote by x0i = xi, x
1
i = yi for i = 1, 2, . . . , n, X0 = 〈x
0
1, x
0
2, . . . , x
0
n〉 = FQn,
X1 = 〈x
1
0, x
1
2, . . . , x
1
n〉 = Tn, X = X0 ∗X1, and (S2Q, V2Q) the virtual 2-switch on X
defined in Corollary 2. Then the map ϕ2Q described in the formulation of the theorem
is the map ϕS2Q,V2Q which is a homomorphism V Bn → Aut(X) by Theorem 2. 
The representation ϕ2Q given in Theorem 3 generalizes the representation ϕ˜M
given by formulas (6). Note that FQn ∗ Tn has 2n generators, so, the representation
given in Theorem 3 cannot be obtained using procedure described in Section 2.2.
The following proposition gives a representation of the virtual braid group V Bn by
automorphisms of the free quandle FQn+1 with n + 1 generators.
Proposition 4. Let FQn+1 be the free quandle with generators {x1, x2, . . . , xn, y}.
Then the map ϕ given by
ϕ(σi) :
{
xi 7→ xi+1 ∗ xi,
xi+1 7→ xi,
ϕ(ρi) :
{
xi 7→ xi+1 ∗
−1 y,
xi+1 7→ xi ∗ y
(10)
induces a homomorphism V Bn → Aut(FQn+1).
Proof. Denote by x0i = xi, x
1
i = y for i = 1, 2, . . . , n, X0 = 〈x
0
1, x
0
2, . . . , x
0
n〉 = FQn,
X1 = 〈x
1
0, x
1
1 . . . , x
1
n〉 = T1 = {y}, X = X0 ∗ X1 = FQn+1, (S2Q, V2Q) the vir-
tual 2-switch on X defined in Corollary 2. Since FQn+1 is the free quandle, and
the maps ϕ(σi), ϕ(ρi) from equality (10) are invertible, ϕ(σi), ϕ(ρi) induce automor-
phisms of FQn+1, therefore (S2Q, V2Q) is AVMS with respect to the set of generators
{x01, x
0
1, . . . , x
0
n, x
1
1, x
1
2, . . . , x
1
n} (the maps ϕ(σi), ϕ(ρi) from (10) are exactly the maps
Ri, Gi from (7), (8) for (S2Q, V2Q)). Then the map ϕ described in the formulation
of the proposition is the map ϕS2Q,V2Q which is a representation V Bn → Aut(X) by
Theorem 2. 
The representation given in Proposition 4 generalizes the representation ψ intro-
duced in [4].
5. Multi-switches and linear representations of braid groups
The question of whether the group Bn is linear was a long standing problem. In
1936 Burau constructed a linear representation ϕB : Bn → GLn(Z[t, t
−1]) (see, for
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example, [13, Section 3]) which is given on the generators of Bn by the following
equality
ϕB(σi) = Ii−1 ⊕
(
1− t t
1 0
)
⊕ In−i−1.
This representation can be obtained from the Burau switch (Example 3) using proce-
dure described in Section 2.2. For n = 2, 3 the Burau representation in known to be
faithful, for n ≥ 5 the Burau representation is known to have non-trivial kernel [11],
for n = 4 the question on faithfulness of the Burau representation is still open.
The Burau representation was generalized in 1961 by Gassner [21] to a related
representation of the pure braid group ϕG : Pn → GLn(Z[t
±1
1 , t
±1
2 , . . . , t
±1
n ]). Let us
recall the definition. Let Fn be the free group with the free generators x1, x2, . . . , xn.
For an element w ∈ Fn and the generator xi denote by ∂w/∂xi the Fox derivative of
w by xi (see [13, Section 3.1]). The Artin representation ϕA : Bn → Aut(Fn) of the
braid group Bn by automorphisms of Fn is defined on the generators σ1, σ2, . . . , σn−1
of Bn by the following rule
ϕA(σi) :
{
xi 7→ xixi+1x
−1
i ,
xi+1 7→ xi,
for i = 1, 2, . . . , n − 1. Denote by ab : Fn → Z
n the abelianization map, and let
xabi = ti for i = 1, 2, . . . , n. Denote by the same symbol
ab the induced homomorphism
ZFn → Z[t
±1
1 , t
±1
2 , . . . , t
±1
n ]. The homomorphism ϕG : Pn → GLn(Z[t
±1
1 , t
±1
2 , . . . , t
±1
n ])
given on the generators
ai,j = σj−1σj−2 . . . σi+1σ
2
i σ
−1
i+1 . . . σ
−1
j−2σ
−1
j−1, 1 ≤ i < j ≤ n
of Pn by the rule
ϕG(ai,j) =
((
∂ϕA(ai,j)(xr)
∂xs
)ab)
r,s
is called the Gassner representation ϕG : Pn → GLn(Z[t
±1
1 , t
±1
2 , . . . , t
±1
n ]). If we put
t1 = t2 = · · · = tn = t, then we obtain the restriction of the Burau representation
to Pn. Denote by e1, e2, . . . , en the natural basis in (Z[t
±1
1 , t
±1
2 , . . . , t
±1
n ])
n, then the
Gassner representation is given by the formulas
ϕG(ai,j)ek =


ek, k < i,
(1− ti + titj)ei + ti(1− ti)ej, k = i
(1− tk)(1− tj)ei + ek + (1− tk)(ti − 1)ej, i < k < j,
(1− tj)ei + tiej, k = j
ek, k > j,
(11)
(see, for example, [28] and [13, Section 3.2]).
It is not known whether the Gassner representation is faithful for n > 3. Some
results concerning the faithfulness of the Gassner representation can be found, for
example, in [1, 28].
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The final answer to the question about the linearity of the braid groups was given
independently by Bigelow [12] and Krammer [30] who proved that the representation
ϕLKB : Bn → GLn(n−1)/2(Z[q
±1, t±1]) introduced by Lawrence in [31] is faithful. The
representation ϕLKB is called now the Lawrence-Krammer-Bigelow representation.
The situation with virtual braid groups is more complicated. It is not difficult to
prove that the braid group V B3 on 3 strands is linear.
Proposition 5. V B3 is linear.
Proof. The kernel of of the endomorphism V B3 → Σ3, which is defined on the gen-
erators σ1, σ2, ρ1, ρ2 of V B3 by the rule
σ1, σ2 7→ 1, ρ1 7→ (1, 2), ρ2 7→ (2, 3)(12)
is a normal subgroup H3 of index 6 in V B3. So, V B3 is linear if and only ifH3 is linear
and it is enough to prove that H3 is linear. The presentation of H3 by generators
and defining relations was found in master thesis of Rabenda [38] (see also [6]). This
group is generated by the elements
x12 = σ1, x23 = σ2, x21 = ρ1σ1ρ1, x32 = ρ2σ2ρ2, x13 = ρ2σ1ρ2, x31 = ρ2ρ1σ1ρ1ρ2,
and is defined by the relations
(13) xi,k xk,j xi,k = xk,j xi,k xk,j,
where distinct letters stand for distinct indices. From this presentation follows (see [6,
Remark 20]) that H3 = G1 ∗G2 is a free product of groups
G1 = 〈x12, x23, x31〉, G2 = 〈x13, x32, x21〉.
The groups G1, G2 are isomorphic to the circular braid group on 3 strands [2], which
can be embedded into the braid group B4 on 4 strands [27]. Since B4 is linear, the
groups G1, G2 are linear. Since the free product of two linear groups is linear [36],
we conclude that H3 is linear, and therefore V B3 is linear. 
In [5] the Gassner representation was extended to the group Cbn of basis-conjugating
automorphisms, which is isomorphic to the pure welded braid group WPn. This ex-
tension is not faithful for n ≥ 2. In [40] the Burau representation was extended to
the welded braid group WPn. The question about the linearity of V Pn for n ≥ 4 is
formulated in [29, Problem 19.7(b)]. In general, it is not known if the virtual braid
groups are linear or not. Also, there are no good linear representation of these groups.
In Section 4.1 we introduced a general construction how a (virtual) multi-switch
on an algebraic system X with finitely many generators can be used for constructing
a representation of the (virtual) braid group by automorphisms of X (Theorem 1 and
Theorem 2). Sometimes using the same approach it is possible to construct represen-
tations of (virtual) braid groups by automorphisms of infinitely generated algebraic
systems. In this section we introduce representations of (virtual) braid groups by
automorphisms of some infinitely generated abelian groups. These representations
lead to the linear representations of pure (virtual) braid groups which are strongly
related with the Burau representation ϕB and the Gassner representation ϕG
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5.1. Representations of Bn and Pn. Let n ≥ 2 be a positive integer, andM be the
free left module with the free basis e1, e2, . . . , en over the ring K = Z[t
±1
1 , t
±1
2 , . . . , t
±1
n ].
Denote by X the additive group of M , by X0 the subgroup of X generated by
e1, e2, . . . , en, and by X1 = {t1, t2, . . . , tn} (similarly to Proposition 1 we can assume
that X1 ⊂ X). Let S2B be the 2-switch on X from Proposition 1
S2B(a, b; x, y) = ((1− y)a+ xb, a; y, x)
for a, b ∈ X , x, y ∈ X1. For j = 1, 2, . . . , n− 1 denote by Rj the following map from
{e1, e2, . . . , en, t1, t2, . . . , tn} to X
(14) Rj :


ej 7→ (1− tj+1)ej + tjej+1,
ej+1 7→ ej ,
tj 7→ tj+1,
tj+1 7→ tj .
Note that the map Rj from (14) is the same as the map Rj from equality (7) if we
denote by x0i = ei, x
1
i = ti for i = 1, 2, . . . , n. The map Rj induces an automorphism
of X by the rule
(15) Rj
(
n∑
k=1
αkek
)
=
n∑
k=1
Rj(αk)Rj(ek),
where α1, α2, . . . , αn ∈ K, and Rj(αk) denotes the image of αk under the map K →
K given by permutation (tj, tj+1) induced by Rj. Denote by ϕ2B the map from
the set of generators {σ1, σ2, . . . , σn−1} of Bn to Aut(X) which maps σj to Rj for
j = 1, 2, . . . , n− 1.
Theorem 4. The map ϕ2B : {σ1, σ2, . . . , σn−1} → Aut(X) induces a representation
of the braid group Bn. The restriction of ϕ2B to the pure braid group Pn is a linear
representation ϕ2B : Pn → GLn(K), which coincides with the Gassner representa-
tion ϕG.
Proof. In order to prove that the map ϕ2B induces a representation of the braid group
Bn it is necessary to check that the maps R1, R2, . . . , Rn−1 satisfy the defining rela-
tions of Bn. It can be checked by (a bit massive but not difficult) direct calculations
in a similar to Theorem 1 way, and we will not do it here.
Since ϕ2B(σj) = Rj permutes tj and tj+1 and fixes ti for i /∈ {j, j + 1}, it is clear
that ϕ2B(σ
2
j ) = R
2
j fixes all t1, t2, . . . , tn. Hence for 1 ≤ i < j ≤ n the automorphism
ϕ2B(ai,j), where
(16) ai,j = σj−1σj−2 . . . σi+1σ
2
i σ
−1
i+1 . . . σ
−1
j−2σ
−1
j−1
is the generator of Pn, fixes all t1, t2, . . . , tn. Therefore
ϕ2Q(ai,j)
(
n∑
k=1
αkek
)
=
n∑
k=1
αkϕ2Q(ai,j)(ek)
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i. e. the restriction of ϕ2Q to Pn gives a representation Bn → Aut(M) = GLn(K)
(here we write M instead of X in order to underline that M is a module, while X is
an abelian group).
In order to prove that the restriction of the representation ϕ2B to Pn coincides
with the Gassner representation it is enough to prove that ϕ2B(ai,j) = ϕG(ai,j) for
all 1 ≤ i < j ≤ n, where ai,j is the generator of Pn given by equality (16). We will
prove this fact using induction on j − i and equalities (11).
The basis of induction (j = i+ 1) is simple. From equality (14) follows that
ϕ2B(ai,i+1) = ϕ2B(σ
2
i ) = R
2
i :
{
ei 7→ (1− ti + titi+1)ei + ti(1− ti)ei+1,
ei+1 7→ (1− ti+1)ei + tiei+1.
Comparing the last equality with equality (11) we see that ϕ2B(ai,i+1) = ϕG(ai,i+1),
and the basis of induction is proved.
In order to prove the induction step note that R−1j acts by the following rule
(17) R−1j :


ej 7→ ej+1,
ej+1 7→ t
−1
j+1ej + t
−1
j+1(tj − 1)ej+1,
tj 7→ tj+1,
tj+1 7→ tj .
Suppose that we proved that ϕ2B(ai,j) = ϕG(ai,j) for 1 ≤ i < j ≤ n, and let us prove
that ϕ2B(ai,j+1) = ϕG(ai,j+1). By the induction conjecture we have
(18) ϕ2B(ai,j+1) = ϕ2B(σjai,jσ
−1
j ) = ϕ2B(σj)ϕ2B(ai,j)ϕ2B(σ
−1
j ) = RjϕG(ai,j)R
−1
j .
Using induction conjecture let us calculate the images RjϕG(ai,j)R
−1
j (ek) for all k =
1, 2, . . . , n. If k < i or k > j + 1, then it is clear that
(19) RjϕG(ai,j)R
−1
j (ek) = ek
since both Rj and ϕG(ai,j) fix ek. For k = i we have
RjϕG(ai,j)R
−1
j (ei) = ϕG(ai,j)R
−1
j (ei)
= R−1j ((1− ti + titj)ei + ti(1− ti)ej)
= (1− ti + titj+1)ei + ti(1− ti)ej+1.(20)
For i < k < j we have
RjϕG(ai,j)R
−1
j (ek) = ϕG(ai,j)R
−1
j (ek)
= R−1j ((1− tk)(1− tj)ei + ek + (1− tk)(ti − 1)ej)
= (1− tk)(1− tj+1)ei + ek + (1− tk)(ti − 1)ej+1.(21)
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For k = j we have
RjϕG(ai,j)R
−1
j (ej) = ϕG(ai,j)R
−1
j ((1− tj+1)ej + tjej+1)
= R−1j ((1− tj+1)((1− tj)ei + tiej) + tjej+1)
= (1− tj)((1− tj+1)ei + tiej+1) + tj+1(t
−1
j+1ej + t
−1
j+1(tj − 1))ej+1
= (1− tj)(1− tj+1)ei + ej + (1− tj)(ti − 1)ej+1.(22)
Note that equalities (21) and (22) coincide. Finally, for k = j + 1 we have
RjϕG(ai,j)R
−1
j (ej+1) = ϕG(ai,j)R
−1
j (ej)
= R−1j ((1− tj)ei + tiej)
= (1− tj+1)ei + tiej+1.(23)
Comparing equalities (19), (20), (21), (22), (23) with equality (11) we see that the
equality RjϕG(ai,j)R
−1
j (ek) = ϕG(ai,j+1) holds for all k = 1, 2, . . . , n. From equal-
ity (18) follows that ϕG(ai,j+1) = ϕ2B(ai,j+1), so, the induction step is proved. 
Note that if we put t1 = t2 = · · · = tn = t, then the representation ϕ2B is the
Burau representation ϕB. So, the representation ϕ2B extends both the Burau and
the Gassner representations.
Despite the fact that the map Rj from (14) has the same form as the map Rj
from (7), Theorem 4 does not follow from Theorem 1: the elements e1, e2, . . . , en,
t1, t2, . . . , tn do not form the generating set of X (remember that we think about the
set {t1, t2, . . . , tn} as about a subset of X), and in order to extend the map Rj to the
automorphism of X we need to use formula (15). At the same time, in Theorem 1 the
map Rj was extended to the automorphism of X just by action on the generators.
5.2. Representations of V Bn and V Pn. The representation of the braid group
ϕ2B : Bn → Aut
((
Z[t±11 , t
±1
2 , . . . , t
±1
n ]
)n)
from Theorem 4 can be extended to the representation of the virtual braid group
using the virtual 3-switch (S3B, V3B) instead of the 2-switch S2B. Let n ≥ 2 be a
positive integer, and M be the free left module with the free basis e1, e2, . . . , en over
the ring K = Z[t±11 , t
±1
2 , . . . , t
±1
n , q
±1
1 , q
±1
2 , . . . , q
±1
n ]. Denote by X the additive group
of M , by X0 the subgroup of X generated by e1, e2, . . . , en, by X1 = {t1, t2, . . . , tn},
and by X2 = {q1, q2, . . . , qn}. Let (S3B, V3B) be the virtual 3-switch on X from
Proposition 2
S3B(a, b; x, y; p, q) = ((1− y)a+ xb, a; y, x; q, p),
V3B(a, b; x, y; p, q) = (pb, q
−1a; y, x; q, p)
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for a, b ∈ X , x, y ∈ X1, p, q ∈ X2. For j = 1, 2, . . . , n − 1 denote by Rj , Gj the
following maps from {e1, e2, . . . , en, t1, t2, . . . , tn, q1, q2, . . . , qn} to X
Rj :


ej 7→ (1− tj+1)ej + tjej+1,
ej+1 7→ ej ,
tj 7→ tj+1,
tj+1 7→ tj ,
qj 7→ qj+1,
qj+1 7→ qj ,
Gj :


ej 7→ qjej+1,
ej+1 7→ q
−1
j+1ej ,
tj 7→ tj+1,
tj+1 7→ tj ,
qj 7→ qj+1,
qj+1 7→ qj ,
(24)
The maps Rj , Gj from (24) are the same as the maps Rj , Gj from equalities (7), (8)
if we denote by x0i = ei, x
1
i = ti, x
2
i = qi for i = 1, 2, . . . , n. Similarly to equality (15)
the maps Rj , Gj induce automorphisms of X by the rule
Rj
(
n∑
k=1
αkek
)
=
n∑
k=1
Rj(αk)Rj(ek), Gj
(
n∑
k=1
αkek
)
=
n∑
k=1
Gj(αk)Gj(ek),
where α1, α2, . . . , αn ∈ K, and Rj(αk) = Gj(αk) is the image of αk given by permu-
tation (tj, tj+1)(qj , qj+1) induced by Rj , Gj. Denote by ϕ3B the map from the set
of generators {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1} of V Bn to Aut(X) which maps σj , ρj
to Rj , Gj , respectively, for j = 1, 2, . . . , n− 1.
Theorem 5. The map ϕ3B : {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1} → Aut(X) induces
a representation of the virtual braid group V Bn. The restriction of ϕ3B to the pure
virtual braid group V Pn is a linear representation ϕ3B : V Pn → GLn(K).
Proof. The proof is the same as the proof of the first part of Theorem 4. 
If in formulas (24) we put q1 = q2 = · · · = qn = 0, then the map Rj from
equality (24) becomes the same as the map Rj from equality (14), therefore the rep-
resentation ϕ3B : V Bn → Aut
((
Z[t±11 , t
±1
2 , . . . , t
±1
n , q
±1
1 , q
±1
2 , . . . , q
±1
n ]
)n)
extends the
representation ϕ2B : Bn → Aut
((
Z[t±11 , t
±1
2 , . . . , t
±1
n ]
)n)
. Hence, due to Theorem 4,
the induced representation
ϕ3B : V Pn → GLn
(
Z[t±11 , t
±1
2 , . . . , t
±1
n , q
±1
1 , q
±1
2 , . . . , q
±1
n ]
)
extends the Gassner representation ϕG. It is not known if ϕG is faithful or not. In
the following proposition we prove that the representation ϕ3B which extends the
Gassner representation has non-trivial kernel.
Proposition 6. For n ≥ 3 the representation
ϕ3B : V Pn → GLn
(
Z[t±11 , t
±1
2 , . . . , t
±1
n , q
±1
1 , q
±1
2 , . . . , q
±1
n ]
)
has non-trivial kernel.
Proof. It is clear that it is enough to prove that the representation
ϕ3B : V P3 → GLn
(
Z[t±11 , t
±1
2 , t
±1
3 , q
±1
1 , q
±1
2 , q
±1
3 ]
)
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has non-trivial kernel, since the elements from the kernel for n = 3 belong to the kernel
for arbitrary n. The group V P3 has a subgroup V P
+
3 which has three generators
λ1,2 = ρ1σ
−1
1 , λ1,3 = ρ2λ1,2ρ2, λ2,3 = ρ2σ
−1
2 ,
and one defining relation
λ1,2λ1,3λ2,3 = λ2,3λ1,3λ1,2
(see, for example, [3]). Using direct calculations it is easy to see that
R−11 :


e1 7→ e2,
e2 7→ t
−1
2 e1 + t
−1
2 (t1 − 1)e2,
t1 7→ t2,
t2 7→ t1,
q1 7→ q2,
q2 7→ q1,
G1 :


e1 7→ q1e2,
e2 7→ q
−1
2 e1,
t1 7→ t2,
t2 7→ t1,
q1 7→ q2,
q2 7→ q1,
R−12 :


e2 7→ e3,
e3 7→ t
−1
3 e2 + t
−1
3 (t2 − 1)e3,
t2 7→ t3,
t3 7→ t2,
q2 7→ q3,
q3 7→ q2,
G2 :


e2 7→ q2e3,
e3 7→ q
−1
3 e2,
t2 7→ t3,
t3 7→ t2,
q2 7→ q3,
q3 7→ q2,
From these equalities and direct calculations follows that
ϕ3B(λ1,2) = G1R
−1
1 :


e1 7→ q2(t
−1
2 e1 + t
−1
2 (t1 − 1)e2),
e2 7→ q
−1
1 e2,
e3 7→ e3,
(25)
ϕ3B(λ1,3) = G2ϕ3B(λ1,2)G2 :


e1 7→ q3(t
−1
3 e1 + t
−1
3 (t1 − 1)q2e3),
e2 7→ e2,
e3 7→ q
−1
1 e3,
(26)
ϕ3B(λ2,3) = G2R
−1
2 :


e1 7→ e1,
e2 7→ q3(t
−1
3 e2 + t
−1
3 (t2 − 1)e3),
e3 7→ q
−1
2 e3.
(27)
From equalities (25), (26), (27) we see that the matrices of the linear transformations
ϕ3B(λ1,2), ϕ3B(λ1,3), ϕ3B(λ2,3) are upper triangular, therefore the group ϕ3B(V P
+
3 ) is
solvable. However, V P+3 has three generators and one relation, therefore by Magnus
theorem [32, Section 4.4] any two elements from the set {λ1,2, λ1,3, λ2,3} generate
non-abelian free group. Therefore the induced representation
ϕ3B : V P
+
3 → GLn(Z[t
±1
1 , t
±1
2 , t
±1
3 , q
±1
1 , q
±1
2 , q
±1
3 ])
has a non-trivial kernel 
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